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Abstract 
Bermond et al. [2] conjectured that the edge set of a cubic graph G can be partitioned into 
two k-linear forests, that is to say two forests whose connected components are paths of length 
at most k, for all k >/5. We shall prove a weaker esult hat the statement is valid for all k/> 18. 
All graphs considered will be finite. We shall refer to graphs which may contain 
loops or multiple edges as multigraphs and reserve the term graph for those which do 
not. A linear forest is a forest each of whose components are paths. The linear 
arboricity of a graph G, defined by Harary [7], is the minimum number of linear 
forests required to partition E(G) and is denoted by la(G). It was shown by Akiyama, 
Exoo and Harary [1] that la(G)=2 when G is cubic. A k-linear forest is a forest 
consisting of paths of length at most k. The k-linear arboricity of G, introduced by 
Habib and P6roche [7], is the minimum number of k-linear forests required to 
partition E(G), and is denoted by lag(G). It is conjectured in [-2] that if G is cubic then 
las(G) ~< 2. A partial result is obtained by Delamarre et al. [3], who show that 
lag(G) ~< 2 when k ~> F½] V(G)I-] ~> 4. The purpose of this note is to improve their 
result, when ] V(G)] /> 36, to: 
Theorem. Let G be a cubic graph and k >~ 18 be an integer. Then lak(G) =2. 
In order to prove this theorem we shall need the following lemma on matchings in 
multigraphs. 
Lemma. Let H be a multigraph with m edges and maximum degree at most four. Let x 
be the number of loops in components with only one vertex, and q the number of 
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loops incident with vertices of degree 3. Then H has a matching of size at least 
(2m -2x  - q)/12. 
Proof. We may assume that H is connected and hence x = 0. By the Gallai-Edmonds 
Theorem i-5, 6, 4] there exists a partition {R, S, T} of V(H)  such that: 
• H has no edges from R to T; 
• each component of H I'R] has a perfect matching; 
• each component of HIT  ] is matching critical (i.e. the deletion of any vertex leaves 
a graph with a perfect matching). 
• the maximum size of a matching in H, f, is given by 
f = r/2 + s + (t - w)/2, 
where r = [ R [, s = [ S [, t = [ T [ and w is the number of components of H[T  ]. 
Let Wo and wl be the number of components of HIT]  which have, respectively, 
zero edges and one vertex, and one edge and one vertex. Since each vertex of H has 
degree at most four [E(H[R]) [  <<. 2r, and the number of edges of H incident with 
vertices in S is at most 4s. Also, since H is connected, each component of HI -T ]  is 
adjacent o a vertex of S and so [E (H[T] ) [  <~ 2t - w - Wo. Thus, 
m ~< 2r +4s +2t -  w - Wo. 
Again using the fact that H is connected we deduce that the number of edges from T to 
S is at least w + (wl - q). On the other hand, it is at most 4s, so 4s ~> w + w~ - q. 
Thus, wl ~< 4s - w + q and 
t ~> 3w-  2Wo,  2wl >/5w-2wo -8s -2q .  
Now, 
since t >~ w. 
12f~ 6r + 12s +6t -6w 
/> 2m + 4s + 2t - 4w + 2Wo 
>>. 2m + 4s + 3t/2 + (5w - 2Wo - 8s - 2q)/2 - 4w + 2Wo 
= 2m - q + 3t/2 - 3w/2 + Wo 
>~ 2m - -q ,  
[] 
Proof of Theorem. Define ~ = ~(G)  to be the set of pairs (FI, F2) such that F1 and 
F2 are two linear forests whose edges partition the edges of G. Then ~ is non-empty 
by Akiyama et al. [1]. For (F1, F2) e ~-, let l(F~, F2) denote the length of the longest 
path in F, or F2. Let t be the minimum number such that there exists (F1, F2) e ~r with 
I(F,,  F2) = t. 
Suppose that t ~> 4. We will define sets So, $1 .. . .  of paths of G, and disjoint sets 
To, T1 . . . .  of edges of G. We shall show that if t/> 19 then Ti :~ 0 for all i >>. O, thus 
contradicting the finiteness of G. 
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We will choose Si and Ti such that T~ is a subset of the internal edges of the paths in 
Si, and such that for some (F1, F2)  E o ~ with l(F1, F2) = t, the paths in Si are in F~ if i is 
even, and in F2 if i is odd. (By an internal edge of a path we mean an edge other than 
the first and last edge). 
Given path sets So, ... ,  S~, define R~ = R~(So, ... ,  Si) to be the set of all edges of 
G which are either contained in or incident with any of the paths in So, ..., Si. 
Given (F1,Fz) E o~ and path sets So . . . . .  SI, we say that (F~,F~)~  is an i- 
improvement of(F1, F2) if there exists an edge e of a path in S~ such that 
(i) all edges in R~\e are in F~ if and only if they are in F1, 
(ii) e is in F; if and only if it is not in F1, and 
(iii) each path in Fj of length at least t is also a path in F~, j = 1 and 2. 
We will define the sets S~ and T~ inductively. First choose (F~,F2) e ~ with 
l(F1, F2) = t and such that, subject to this condition, the total number, m(F~, F2), of 
paths of length t in F 1 and F 2 is as small as possible. By symmetry we may assume that 
F1 has a path P of length t. Let So = {P}. Let To be a maximum set of pairwise 
non-adjacent internal edges in P such that for each path in F2 ,  only one end of the 
path is incident with an edge in To. Note that To is non-empty because t ~> 4. 
Inductively for i > 0 carry out the following two steps: 
Step 1 Repeat (a) and (b) consecutively until (b) requires no action because its 
condition fails: 
(a) Define Si to be the set of paths in F1 (if/is even) or  F 2 (if/is odd) which terminate 
at vertices incident with edges in Ti_ 1. 
(b) If there is an/- improvement (F~, F~) of (F1, F2) then reset (F~, F2) to be equal to 
(Fi, F~). 
Step 2 Define T~ to be a maximum set of pairwise non-adjacent internal edges in the 
paths in S~ such that neither path in Fj (wherej is 1 or 2 if/ is odd or even, respectively) 
terminating at such an edge is in S~ for any 0 ~< l < i, and such that no path in Fj has 
both endvertices incident with edges in T~. 
Step 1 must eventually terminate because the redefinition of (F1, F2) in l(b) leads to 
a strictly smaller total length of paths in the set S~ when l(a) is next performed. For 
i ~> 0 let s~ = [Si] and t~ = ]T~]. It follows from Steps l(a) and 2 that 
Si =2t i -  1 (1) 
for all i ~> 1. 
Denote the value of(F1, Fz) at the end of the ith iteration of the two steps above by 
(F~. 1, F~. 2). Then for any j > i the set S~ retains its property of being a set of maximal 
paths in Fj. 1 or Fj. z, because the redefinition of(F1, F2) does not disturb any edges in 
R~_ 1. Thus, (F~- a, Fj. 2) cannot have any/- improvement for i < j. 
Provided i ~> 2, consider any edge e in T~_ ~ and the two paths P1 and P2 in Si 
which terminate at the end-vertices ofe. For the sake of argument we can assume that 
e ~ F~. Then the total length of P1 and P2 must be at least t -  1; otherwise we 
could put F~'_ 1, 1 = Fi- 1.1 - -  e and Fi'_ 1, 2 = Fi_ 1,2 "~- e to obtain an (i - 1)-improve- 
ment of (F~_ 1, 1, Fi- 1.2 ). A similar argument works if i = 1, although in that case 
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the contradiction reached is that the number of paths of length t is reduced, as P 
gets destroyed. We can now deduce that for i 7> 1 the total length of paths in Si is at 
least (t -1 ) t i _ l .  Thus by (1) there are at least s~(t -5) /2  internal edges in the paths 
in Sz. 
We now show that T~ ¢ 0 for all i ~> 0. We have already seen that this holds for 
i = 0. Hence suppose that i > 0. Let Xi be the subgraph of G induced by the internal 
edges of the paths in S~. Let w~ be the number of end-vertices of paths in some S j, 
0 ~< j < i, which belong to Xi. Now delete all such vertices from X~. The resulting 
graph Y contains at least si(t - 5)/2 - 2wl edges and at most s~ + wi disjoint paths. Let 
H denote the multigraph obtained by associating pairs of vertices of Y which are 
end-vertices of paths in F~ (where I is 1 or 2 if i is odd or even, respectively). Applying 
the lemma, and using the facts that t~ is equal to the maximum size of a matching in H, 
and that the number of paths in Y is an upper bound for x + q/2, we deduce that 
6ti >~ si(t - 7)/2 - 3wi 
= tl- 1 (t - 7) - 3wi (2) 
by (1). Using (2) and induction on i we may deduce that the following inequality holds 
for all i >1 1: 
i -1  i 
6t i>~(t -13)  2 tk+6to - -3  2 Wk. 
k=0 k=l  
Since each path in Sj has at most one end-vertex which can be in Xk for 1 ~< j < k ~< i, 
and since So 1, we have ~ ~-1 }~k~ 1Wk ~< 2 Thus, = + Y~j= sj. 
6 t~>(t -13)  tk+6to - -3  2+ Sj 
k=O j= l  
=(t -13)  ~ tk+6to - -3  2+2 ~ t i 
k=0 j=O 
by (1). Hence, 
i 1 
6t i>~(t -19)  ~ t2+6(t i_ l  +to - - l ) .  
k=O 
Thus i f t  ~> 19 then we have t~ >~ t i_  1 > 0 for all i by induction on i. This contradicts 
the finiteness of G and so we must have t ~< 18. [] 
We can show that our analysis of (2) cannot be improved to get a better lower 
bound than k >~ 18. 
It can easily be seen that if G is a cubic graph on six vertices then lag(G) = 3 and thus 
the above-mentioned conjecture of Bermond et al. becomes false if we replace las(G) 
by lag(G). However, we do not know of any connected cubic graph G with more than 
six vertices for which la4(G) = 3. 
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Problem. Is it true that la4(G) =2for  all cubic graphs G with at least eight vertices? 
We cannot even answer 
Problem. Does every cubic graph have a 2-edge colouring such that each monochromatic 
component has at most four edges? 
Finally, we note that our theorem can easily be extended to graphs of maximum 
degree three since any such graph can be embedded as a subgraph of a cubic graph. 
Using this we deduce the following: 
Corollary. Let G be a 4-regular graph and k >~ 18 be an integer. Then lak(G) =3. 
Proof. Using [-9] we may choose a 2-factor F in G. Clearly, F has a spanning k-linear 
forest D. Since H = G - E(D) has maximum degree three, it follows from the above- 
mentioned extension of our theorem that lak(H) =2. Thus, lak(G) = 3. [] 
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